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Cn ' Abstract. In this paper we suggest a method for constructing minimal Lagrangian 

^..^^ immersions of R^ in CP^ with induced diagonal metric in terms of Baker- Akhiezer 

jrt 1 functions of algebraic curves. 
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. We propose new approach for constructing minimal Lagrangian (ML) surfaces in CP 

\mJ ' in terms of Baker- Akhiezer functions of algebraic curves. This approach is based on the 

^^ . work \1^. 

It is well known that if we choose the conformal coordinates on a ML-torus in CP^ 
with the induced metric ds^ = e^^^''^\dx'^ + dy^), then the function v{x,y) satisfies the 
Tzitzeica equation (see [2]). This equation allows the Lax representation with a spectral 
parameter, which was found by Mikhailov [3]. Sharipov [4], using the Lax representation, 
constructed the finite-gap solutions of the Tzitzeica equation, and the solutions expressed 
in terms of the theta-functions of the trigonal spectral curves, which allow the holomor- 
^ ' phic involution. The existence of periodic solutions among quasiperiodic solutions is 

Cn , shown in [5]. 

In fact, the conformal coordinates are not always suitable for the description of ML- 
tori in CP^. To confirm this, let us consider the following example. Let K denote a cone 
in R^, defined by the equation 

(^ ' mul + nu2 — {m + n)ul, 



where m,n € Z,m,n > 0. Let K denote the intersection of K with the unit sphere 



il + ul + ul = I. 



k^ , We construct the mapping ip from K x S^ in CP^ as a composition %jj ^ Ti, o (p^ where 

^ : (^ : i^ X 5^ -> 5'^ (p{P) = (uie''*™^,U2e""^,M3e'^*("+")^), 

H — Hopf projection H: S^ ^ CP^, P G .RT x S"^, y is a coordinate on 5^ 
The image of -0 is ML-torus if the involution 

(v\,v-2) — > (wi cos(n7r), W2 cos(m7r)) 

preserve the orientation of the ellipse 
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and ML-Klein bottle if it doesn't (see [6], [7]). This surface can be defined as an image 
of the composition H o tp, where (p : M."^ ^ S^ , 



. , 'sm{x)y/m + n 
^/zm + n 



s{x)\/m + n ^j ncos'^{x) TOsin^(x) 



^-Kiny / "'^oay-^y ^ />t aiii yxy ^_^^(„^^„^^ 



Vm + 2n V "T- + 2n 2m 

(probably these tori coincide with the tori from 8J, where these tori are described in 
conformal coordinates). In coordinates x,y the induced metric has a diagonal form 

ds^ = 2e"^dx^ + 2e''^dy^, 

and one can ascertain that vi 7^ W2- Thus, on the one hand ML-tori correspond to the 
periodic solutions of the Tzitzeica equation (all of these solutions can be expressed in 
terms of the theta- function of the spectral curves) , and on the other hand this example 
demonstrates that there exist coordinates x, y, in which the metric is diagonal and which 
are more suitable for the description of this ML-torus, as in these coordinates the tori 
are described in elementary functions. 

In this paper we construct ML-mapping of the plane in CP^ (with induced diagonal 
metric) by the spectral data, which are easier than spectral data for the solution of the 
Tzitzeica equation. We construct such mapping by the real algebraic curve, which allows 
a holomorphic involution. Specifically, we do not require the spectral curve to be trigonal 
(as for the solutions of the Tzitzeica equation). 

The main difference of our method from the method of 4 consists in the following. We 
do not use the Lax representation with a spectral parameter of the Tzitzeica equation. 
Instead of this we construct the explicit mapping 

(^ : M^ ^ 5"^ C C^ 

which satisfies the equations 

< (/?, <^a: > = < V9, (/3.y > = < (/3j.,(/3y >= 0, (1) 

where < ., . > — Hermitian product in C"^. A composition of the mappings Lp 0% gives 
a Lagrangian mapping of the plane in CP^ . By means of the corollary 1 we obtain the 
minimal mappings. 

Note that in this paper we do not discuss the problem of existence of the smooth 
periodic solutions. As the spectral curve is hyperelliptic, the methods of the paper [9] 
can be used to prove the existence of the periodic solutions. 

In section 1 we get the equations of ML-mapping of a plane in CP^ with diagonal 
metric. In section 2 we remind the definition of the Baker-Akhiezer function. In sec- 
tion 3 we prove the main theorem (Theorem 2) and give the example of ML-sphere, 
corresponding to the reducible rational spectral curve. 

1. Equations of Lagrangian surfaces with the diagonal metric 
Let we introduce the following notations 
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Then from (1) it follows, that the matrix 

/ 1 _^ 1 -^ '^ 

belongs to the group U(3). A Lagrangian angle l3(x,y) is a function defined from the 
equality 

gi0{^,y) ^ detl>. 

The Lagrangian angle defines the mean curvature vector H of the Lagrangian surface 

H = JV;3, 

where J is the complex structure on CP^. Consequently, if /3 = const, then the surface 
is minimal. 

From the definition of the Lagrangian angle we get 

/ ^1 ^2 ^3 X 

I 1 -^-ii. 1 1 -^-ii. 2 1 -li-il S I 

$=^6 2 ^2^i -^e 2 '2(^^ -^e 2 '2^^ eSU(3). 

The matrix $ satisfies the equations 

$, = yl$, $2, - B$, (2) 

where matrices A,Be su(3) have the form 

V2e^+'^ 

A=\ -726 "^-^1 if \e^-'^{2ih-vi^+iPy) 

ie^-^(2^/l + ^.l^+i/3y) -z/ 

/ 726^+^2 

f{x,y) and h{x,y) being some real functions. The equations (2) implies the following 
equations 

fxx = ^ii<Px + ^ll'i^y + fell</5, 
Vxy = ^\2fx + r?2<^y + ^12</5, 
'fvV = r22<y32: + r22</'iy + ^22'/', 

where 

r}i - 1(21 f + v,^ + iPx), r^i = ie''^-''^(2i/i - v^^ + ipy), 

T\2 - ]^{2ih + vi^+il3y), TI2 = i(-2i/ + «2. +1/3,), 

rL = ^e^^""^ (-2«/ - «2. + */?.), r22 = ]^{-2ih + «2, + 2/3^), 

6ii=-2e"\ 612=0, 622 = -2e"^ 
From this it follows the key lemma of our construction. 
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Lemma 1. The following equalities hold: 





r}i + rL = 


= 2(^1- +«2j +iPx, 




^12 + ^22 = 


= 2(^1^ +V2y)+i/3y 


From lemma 1 we get 






Corollary 1. // 







then the surface is minimal. 

The corollary 1 gives us the condition for surface to be minimal in a diagonal metric. 
2. Baker-Akhiezer function 

In this paragraph we remind the definition of two-point Baker-Akhiezer function. By 
means of this function we construct ML-mapping of the plane in CP^ . 

Let r be a Riemann surface of genus g (actually the following construction can be 
generalized on singular algebraic curves over C). Suppose that the divisor 

7==7i H ^73, 

is given on F, r, Pi, P2 E T are fixed points, and k^ ,k2 are local parameters in 
the neighborhoods of the points Pi and P2. The two-point Baker-Akhiezer function, 
corresponding to the spectral data 

{r,Pi,P2,ki,k2,j,r}, 

is a function ip{x, y, P), P E T, with the following characteristics: 

1) in the neighborhoods of Pi and P2 the function ip has essential singularities of the 
following form: 



y iki k\ 

V «2 k^ 



^2 

2) on V\{Pi,P2\ the function ip is mcromorphic with simple poles on 7. 

3) ip{x,y,r) = d,deC. 

For the spectral data in general position there is unique Baker-Akhiezer function. 
Let us express the Baker-Akhiezer function explicitly in terms of theta function of the 
surface F. 

On the surface F, choose a basis of cycles 

ai, . . . ,ag, bi, . . . ,bg 

with the following intersections indices: 

ai o Oj ~ hi o bj =0, Oi o bj = Sij. 

By uoi, . . . ,ijjg we denote a basis of holomorphic differentials on F that are normalized by 
the conditions 

Wi = Oij. 
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Denote the matrix of 6-periods of the differentials Wj with the components 

bi 

by B. This matrix is symctric and has a positive definite imaginary part. 
The Riemann thcta function is defined by the absolutely converging series 



e{z) = J2 e'^'(-^"''"'+2'^*("'^\ z = (zi, ...,Zg)e a. 
mez 

The theta function has the following characeristics: 

9{z + m) = e{z), m e Z, 

6{z + Bm) = exp(— 7ri(_B?n, m) — 2'Ki{m, z))0{z), m ^7L. 
Let X denote the Jacobi variety of the surface F: 

Let A : F — > X be an Abel map defined by the formula 

A(P)^ If 0.1,..., / c^J, Per, 

\J qo J qo J 

go G r being a fixed point. 

For points 71 , . . . , 7^ in general position, according to the Riemann theorem, the func- 
tion 

e{z + A{p)), 

where z = K — ^(71) — • • • — j4(7g), has exacly g zeros 71, . . . , 7^ on F, K \& the vector 
of Riemann constants. 

Let Vt^ and O? denote meromorphic differentials on F with simple poles only at the 
points Pi and P2, respectively, and normalized by the conditions 

01= / ^2=0, j = l,...,g. 
Let U and V denote their vectors of 6-periods: 

"-(h' iA''-(h' I A 

Let Tp denote the function 

e{A{P)+xU + yV + z) '•^ '•^ 



^i^,y,P) - eiAiP)+'z) '^^P^^'^*^! n^+2.^yj^^ O^) 

Then the Baker- Akhiczcr function has the form: 

^{x,y,P) = ^~- -d. 

ip(x,y,r) 
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3. Main theorem 
Let (p^ ^Lp^ ,Lp^ denote the following functions: 

where Qi, Q2, Qa G T is an additional set of points and ai are some constants. 

In the following paragraph (theorem 1) we find restrictions of the spectral data for the 
vector valued function (p = {ip^ , ip'^ , ip^) to define a Lagrangian immersion of the plane 
R^ in CP^. The spectral data in theorem 1 is a modification of the spectral data for 
n-orthogonal curvilinear coordinate system in R'^ |10] . 

3.1. Lagrangian immersions. Suppose that the surface F has an antiholomorphic in- 
volution /i 

for which the points Pi, P2 and r arc fixed and 

hifiiP)) = HP)- 

The following theorem holds: 

Theorem 1. Let Qi he fixed points 0/ the antiholomorphic involution fi. Suppose that 
on r there exists a meromorpic 1-form D, with the following set of divisors of zeros and 
poles: 

{n)o^j + nj + Pi + P2, 

Then the functions p^ satisfy the equations 

p^p^Ai + p^ip^A2 + p^ip^A-i + IdpReSrfi = 0, 

P^pIAi + p^pIA2 + p'^plA^i = 0, 

P^pIAi + p^pIA2 + p^pIAs = 0, 

fl^lM + fl^lA2 + pIpIa^ - 0, 

'fl^lAi + vlvlM + <^x<^x^3 + l/il'ci = 0, (4) 

pIpIAi + pIpIA2 + pIpIA^ + |/2pC2 = 0, (5) 

where At ~ , %i , k — 1, 2, 3, ci, C2 are the coefficients of the form Q, in the neighbor- 
hood of the points Pi and P2 : 

il — {ciwi + awl + • • ■ )dwi, wi = 1/fci, 

n = (C2W2 + bw^ + . . . )dw2, W2 = 1/^2. 

The theorem 1 implies 
Corollary 2. IfKesQ^ft > 0, then for 



= ^/ResQjil, d = 



-1 



ReSrf^' 
the following equalities hold: 

< p,p>^l, < p, px >=< p, Py >=< Px,^y >= 0, 
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i. e. the mapping "H o (^ : M^ — > CP^ is Lagrangian, with the induced metric on E having 
a diagonal form 

ds^ = \h\'\c,\dx^ + \h\'\c2\dy\ 

Further we assume that Resq^il > and /i 7^ 0, /2 7^ 0. 

Proof of Theorem 1. Consider the 1-form fti — ip{P)-ip{iJ,{P))ft. By virtue of 
the definition of the involution /i, the function tplplP)) has the fohowing form in the 
neighborhoods of the points Pi and P2 : 

^kix ( f_(^ „^, _ liO^ _^ Mf^y) ^ 

iki kf 



V'(/x(P))=e-*'=^M/i(a;,y) 



^(MP))=e-^*^M/2(x,y)- 



92{x,y) h2{x,y) 
ik2 fc| 



Consequently, the form ili has no essential singularities at the points Pi and P2- The 
simple poles 7 + /i7 of the function tp{P)tp{^P) cancel out the zeros of the form il at 
these points. Thus, the form ili has only simple poles at the points Qi,Q2,Q3 and r 
with the residues equal to 

i^{Qi)tp{Qi)RcsQ,n ^ (f^^^Ai, ^^<f^A2, (f'^^'^As, \d\^Res,n. 

Consequently, the sum of these residues is equal to zero, and this proves the first equality 
of the theorem 1 . 

The form il;{P)ip{ii{P))x^ has no essential singularities at the points Pi and P2 either. 
This form has only simple poles at the points Qi,Q2 and Q3 with the residues equal to 

^Vi^i, ^^vlM, ^'^'filAs. 

The second equality is proven. The proof of the next two equalities is analogous. It is 
based on the analysis of the forms 



^iP)iP{fi{p))yn, ^biP),ip{fi{p))yn, 

which also have only simple poles at the points Qi, Q2 Qs- 

In order to prove the last two equalities (4) and (5), consider the forms 



^P{P),^{il{P))ccn, ^P{P)y^ip{P))yn. 

These forms have simple poles at the points Qi,Q2, Qs, Pi and Qi,Q2, Q3, P2 with the 
residues 

vl^l^u vl€M, vl^lAz, l/ipci 
and 

^\(p\Ai, ipl>flA2, ^I'flA^, |/2pC2. 
Theorem 1 is proven. 

3.2. Minimal Lagrangian immersions. In this subsection we find spectral data such 
that the mapping (p, constructed in the previous subsection is minimal. 
Suppose that the curve F has the holomorphic involution 

cr :F^F. 

Let T denote the composition /i o cr. The following lemma holds. 
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Lemma 2. Suppose that the reality conditions fulfilled 

Kl) = 1, Kr) ^r, del 
Then 



^{x,y,T{P)) == ip{x,y,P). 



To prove this standard lemma, it is sufficient to note, that the function ip{x,y,T{P)) 
satisfies conditions 1)~3) in the definition of the Bakcr-Akhiezer function as the function 
ip{x,y, P), consequently, the functions 'ip{x,y,T{P)) and ^p{x,y,P) coincide. 

Below we assume that the conditions of Lemma 2 are fulfilled. In particular, this 
means that 

m(7) = cr(7), mW = cr(r), 
and that the functions fi,gi, which participate in the decomposition of tp in the neigh- 
borhoods of the points Pi and P2 are real. 

Consider three functions 

Fn{x, y, P) = dl^ + r}i (x, y)a, V' + r?i (x, y)dy^ + fell (x, y)^, 
Fi2{x, y, P) = d^dyi) + T\2{x, y)dxip + r^jlx, y)dyi; + fei2(x, y)tp, 
F22{x,y,P) ^ d^ij + rl2ix,y)d,i' + Tl^{x,y)dy^P + b22{x,y)i^. 
Choose functions F*^ (x, y) and bij{x,y) such that 

Fii(x,j/,(3j) = Fi2{x,y,Qi) = F22{x,y,Qi) = 0, i = 1,2,3. 
The following lemma holds 
Lemma 3. The following equalities hold: 

^\i{x,y) = ^, 

Cl /l 

T\2{x,y) = -^-^, r?2(x,2/) = -4^, 

C2 ./2 

Proof of lemma 3. Consider the form 

u ^ Fii{P)^{a{P))^n. 

The form uj has no essential singularities at the points Pi and P2. The form cj has only 
a pole of the second order at Pi 

Resp.u = /i((m + cir}i)/i + ci/ij = 0. 

This yields the formula for T\^. Similarly to find other coefficients it is necessary to 
consider the forms 

Fi2{P)i>{a{P))^n, Fi2{PMa{P))yn, F22{P)^{a{P))yn. 



Lemma 3 is proven. 










This lemma implies 












r}i + r?2 = 


la 

Cl 


/i 


/2. 
/2' 
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T.1 , T.2 _ ib _ hy _ f2y 
J^ 12 + ^ 22 — "f '~F~- 

C2 ./l /2 

Suppose that a = h ~ 0. Then as /i and /2 are real functions, so by Corohary 1 the 
surface is minimal. Thus the main theorem holds 

Theorem 2. Suppose that the spectral curve T has the antiholomorphic involution 

with fixed points Qi,Q2,Qs,, Pit P2 r and meromorfic 1-formfl with the following divisors 
of zeros and poles 

{n)o =-f + fiJ + Pl+P2, (fi)oo =Ql+Q2+Q3+r, 

and Resg.ri > 0. Then the mapping T-Lo ip^ where Lp — {ipi,ip2,^3) gives Lagrangian 
mapping of the plane in CP^ . 

Besides let the spectral curve T has the holomorphic involution 

such that 

Kl) = cr(7), T{r) =r 

and d G R and suppose, that the form fl has the following decomposition in the neighbor- 
hood of the points Pi P2 

J7 = (ciwi + diWi + . . . )dwi, wi = 1/fci, (6) 

n = {C2W2 + d2wl + . . . )dW2, W2 = l/fc2, (7) 

then the mapping is minimal. 

3.3. Examples. In this paragraph we demonstrate the example of theorem 2, when the 
spectral curve F is reducible and consists of irreducible components F^, which are isomor- 
phic CP^. In this case the theorem 2 is also valid, but in definition of Baker- Akhiezer 
function the genus need to be changed on arithmetical genus, and in the formulation 
of theorem 2 the differential need to be changed on the differential, which satisfies the 
condition of regularity at the points of intersection of different components. 

The regular differential on F is defined by meromorphic 1-forms ilj on Fj with simple 
poles. The poles of the forms J7j are allowed just in the points of components' intersec- 
tions. And the conditions of regularity must be fulfilled: if the curves F^ and Tj intersect 
at the point P, then 

RespJ7i + RespJ72 — 0. 

The arithmetical genus of the curve F is called the dimension of the space of the regular 
differentials. A number of poles 7^ in the definition of Baker- Akhiezer function must 
coincide with the arithmetical genus of the curve F (see [Tl]). 

Let the curve F consists of two components Fi and F2, which intersect at two points. 
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Figure 1. 

Let z\ be a coordinate on the first component, Z2 be a coordinate on the second 
component. Suppose that, the points of the intersection on the first component have 
coordinates a, —a e M, and on the second &, —6 G M. Let 

Pi = oo e Fi, P2 = oo e F2, r = e Fi, 

Qi, Q2, Qz e F2, Q» e K, 7 e F2, 7 = ^r e «. 

The curve F has the holomorphic involution 

cr : F ^ F, o-(zi) = -zi, a{z2) == -22. 

and antiholomorphic involution 

^ : F ^ F, ,u(zi) == zi, [i[z2) = Z2- 

Baker-Akhiezer function 1/; on F is defined by the functions V'l and V'2 on the components 
Fi and F2 

V Z2-7 

The functions /i , /2 and g are found from the consistency conditions 

■(/'i(x,y,a) = V2(a;,y,&), i)x{x,y,-a) == ■02(a;,y, -fo), 

and normalization condition 

■i/'i(x,2/, 0) =d. 
Hence 

J -i(aa;+6j/) 

/i =d, h = Yh (^(^'"'" + ^''^'') + Tl-e'"" + f?"^")). 

J -i(ax+by) 

52 = ^^ (e +e ^)(6 -7). 

The meromorphic form fi is defined by the forms 

^ (izi ^ ci{zl - -i'^)dz2 

' zi(z2-a2)' 2 {z2-Qi){z2-Q2){z-Q:i){zl-b^y 

therefore 

/ 1 



y jResor^il 
Since 

ReSafii + ResfcrJ2 — 0, Rcs_af7i + Res_fcri2 = 
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we get 

b{b-Qi){b-Q2){b-Q3) 



C\ 



Q3 



a2(62 - ^2) 

&'(Qi + 02) 



'' b^ + QiQ2 ■ 

From the condition that the form D, has a expansions (6) and (7) in the neighborhoods 
Pi and P2 we get Q2 — Qi- Hence the components of the mapping (p have the form 

ipi = aiF2{Qi) = 

^^^^-^{aa:+{h-Q^)y)(^^2^ax(^f^ + Qi){b - iT) - C^'^V {b - Qi){b + iV)) 

26(Qi - iT) ' 

ip2 = 02^2 ((52) = 
^^^g-i(aa.+ (h+Qi)y)(-g2iax(^ - Qi)(6 - iT) - e^^'^v {b + Qi)(6 + iT)) 



2b{-Qi - iT) 

. —i(ax-{' 

) = 0:3 ae 
(-6e2--(6 - Qi)(6 - Q2)(6 - iT) + be^'^y{b + Qi)(6 + Q2){b + iF)) 






2(53(Qi+Q2 + ir)+i60iQ2r) 



where 



ai = ^Rcs.Q^Q.2 = 



a2 = ^ResQ2 Vt2 



I b^jQl+T^) 
2a^Ql{b^ + T^)' 

I bHQl+T^)~ 
2a2g2(62 + r2)^ 



/ p2('g2_^2^ 

.3^VRcSg3^2^W ,Q2(;2+r2) - 



For a = 6 = 1, Qi = 2, 7 = i we get 



and meanwhile 



„-i(a;+3j/) 

V2 = g^ ((1 - 3z)e2- + (9 + 3z)e2«i'), 
<y53 == -^2(^08(2; -y)- sm{x - y)), 



e2*'5 = -1. 



Induced metric on the image has the form 

3 

ds2 = rf.x2 + -(1 + sin(2(a; - y)))dy^ . 

The Gaussian curvature of the surface is equal to 1. Hence the image of the mapping is 
sphere. 
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